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Abstract 
AstiC-Vidal, A. and V. Dugat, Near-homogeneous tournaments and permutation groups, 
Discrete Mathematics 102 (1992) 111-120. 
Claudette Tabib has characterized the near-homogeneous tournaments and has shown the 
existence of such tournaments of the order 5, 9, 13. We follow her investigations, searching for 
new near-homogeneous rotational tournaments. For this we constructed all the vertex- 
symmetric tournaments with two arc orbits, using a result by Astie-Vidal on the vertex- 
symmetric tournaments with minimal number of arc orbits. We established a necessary and 
sufficient condition for such a tournament to be near-homogeneous. In this way we constructed 
six new near-homogeneous tournaments of the first order: 29, 53, 173, 229, 293, 733. 
Claudette Tabib a caracterise les tournois presqu’homogtnes (p.h.) et a montre I’existence de 
tels tournois pour les ordres 5, 9, 13. Nous poursuivons ses investigations en cherchant de 
nouveaux tournois cycliques p. h. Pour ce faire, nous construisons tous les tournois 
sommet-symetriques 1 deux orbites d’arcs, en utilisant un resultat de AstiC-Vidal sur les 
tournois sommet-symetriques qui ont un nombre minimal d’orbites d’arcs. Nous etablissons 
une condition necessaire et suffisante pour qu’un tef tournoi soit p. h. Nous construisons ainsi 
six nouveaux tournois p.h. d’ordre premier: 29, 53, 173, 229, 293, 733. 
Introduction 
A tournament is a directed graph in which every pair of vertices is joined by 
exactly one arc. In the following, T = (X, U) will denote a tournament where X is 
the set of vertices, and U is the set of arcs. The score s(x) of a vertex x, is the 
number of vertices dominated by x, and by s(x, A) we denote the number of 
vertices of A that are dominated by x. A tournament is regular if all vertices have 
equal scores, and it is near-regular if the maximum difference between scores is 1. 
A tournament is called rotational if its vertices can be labeled: 0, 1,2, . . . , n - 1 
in such a way that, for some subset S of (0, 1, . . . , n - l}, vertex i dominates 
vertex i +j (mod n) if and only if i E S. In this case, S is said to be the symbol of 
T. If x is any vertex, let 
W) = {Y I (x, Y) l u> and Z(x) = {z 1 (z, x) E U}. 
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An automorphism of a tournament is a permutation of the vertices which 
preserves the dominance relation. The set of automorphisms of a tournament T 
forms a group, a(T) called the automorphism group of T. a(T) acts on the set of 
arcs U, and thus defines a partition of U into arc orbits. Thus, two arcs (x, y) and 
(x’, y’) of 17, belong to the same arc orbit iff 3a E a(T), a(x) =x’ and o(y) = y’. 
A tournament T is said to be vertex-symmetric if for every pair of vertices, x, y, 
there is an automorphism that sends x to y. 
1. Vertex symmetric tournaments of order n with the minimum number k, of 
arc orbits 
Astie-Vidal in [l] presented a study of vertex-symmetric tournaments of order 
12, and a construction procedure for those with minimum number of arc orbits. In 
Section 3 we use this procedure to define vertex-symmetric tournaments with 
exactly two arc orbits. In the following, GF(p”) is the Galois field with pm 
elements, GF*(p”) denotes GF(p”) - {0}, and k denotes the number of arc 
orbits. The dyadic valuation of an integer cu, denoted V(W), is the greatest power 
of 2 that divides (Y. That is to say, a = 2”‘“’ . p where p is an odd integer. 
The main results of [l] are the following. 
Definition 1.1 (Cyclotomic tournaments). Let H be the subgroup of order h such 
that pm - 1 = 2”(pm-1) * h, of the multiplicative group of the field GF*(p”), 
H := {a24+‘); a E GF*(p”)}. 
The decomposition of the multiplicative group of the field with respect to its 
subgroup H has 2”“‘m-1) cosets called cyclotomic classes of the field. Moreover, 
the oddness of h implies that x . H # -x * H, Vx E GF*(p”). Now let us define k 
by 2. k = 2Uo’m-1), th e d ecomposition of GF*(p”) as the union of its cosets 
GF*(p”)=xl~HU(-xl)~HU~~~Uxk~HU(-xk)~H. 
The cyclotomic tournaments are then defined by T = (X, U), where 
GF(p”), and 
(x,y)EU~y-xES:=&ei*xi*H,~~=*l,i=l,...,k. 
i=l 
is 
x= 
There are 2k choices for S, and they do not necessarily give isomorphic 
tournaments. 
The following remark contains some results proved in [l]. 
Remark. The cyclotomic tournaments are vertex-symmetric tournaments, and if 
m # 2 or p # 2” - 1, s E N and s > 1, then a cyclotomic tournament of order pm 
has k(T) = 2”(pm-1)-1 arc orbits. 
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This kind of tournament is useful to construct vertex-symmetric tournaments of 
order n with the minimal number k, of arc orbits. In [l] we find the following 
three theorems. 
Theorem 1.1. Let n =p”‘, p a prime >2, m an odd integer. 
(i) k, = 2’J(P_l)-l_ 
(ii) The vertex-symmetric tournaments with k, arc orbits are the cyclotomic 
tournaments. 
(iii) The number of non-isomorphic such tournaments of order n =p”’ is 
N(p”) = p-‘)~‘-v(P-l)* 
Theorem 1.2. Let n =p”‘, p a prime >2, m an even integer. 
(i) k, = 2”(P-‘). 
(ii) There are possibly two classes of vertex-symmetric tournaments with k, arc 
orbits : 
(1) the wreath product of two cyclotomic tournaments of order pm1 and pm2 with 
ml and m2 odd integers such that m, + m2 = m. 
(2) Zf p = 1 (mod 4) and m = 2 (mod 4), the cyclotomic tournaments of order 
Pm. 
Theorem 1.3. Let n = n,S=, py (pi a prime >2, mj an integer, j = 1, . . . , s). 
(ii) The vertex-symmetric tournaments with k, arc orbits are the wreath products 
T = o;_, I;, 
with q vertex-symmetric tournaments of order p;“l with kpY, arc orbits given by 
Theorem 1 if mj is odd and by Theorem 2 if mj is even. 
2. Near-homogeneous tournaments 
In [6], Tabib defined a class of tournaments she called near-homogeneous 
(n.h.) tournaments. This notion is very close to that of homogeneous tournaments 
introduced by Kotzig [3]. 
Definition 2.1. A tournament T,, is homogeneous if T, contains at least one cycle, 
and every arc is contained in a constant number of 3-cycles. 
This implies that T, is regular and n = 3 (mod 4). 
Definition 2.2. A tournament T is doubly regular if for any vertex x, O(x) is 
regular. 
Reid and Brown [4] proved the following result. 
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Theorem 2.1. A tournament T is homogeneous iff if is doubly regular. 
Quadratic residue tournaments are a particular class of homogeneous tourna- 
ments that are arc symmetric. They can be constructed by Astie-Vidal’s 
procedure since they have only one arc orbit. Homogeneous tournaments exist if 
the order of O(x), for any vertex X, is odd. If it is even, we use the notion of 
near-homogeneous tournament introduced in [6]. 
Definition 2.3. A tournament T, = (X, U) of order n is near-homogeneous if 
n=4A+l, Aal, and any arc belongs to A or A + 1 3-cycles. 
Tabib proved the following result in [6]. 
Theorem 2.2. For n = 43, + 1, A. 2 1, T, is near-homogeneous iff it is regular and 
O(x) [or Z(x)] is near-regular for each vertex x. 
For il = 1,2, 3, there is only one near-homogeneous rotational tournament 
(found by Tabib) (shown in Figs. l(a), l(b) and l(c)), and for A = 4, there is no 
near-homogeneous rotational tournament [6]. 
3. Construction of new near-homogeneous tournaments 
Our aim is to use the preceding results to find new near-homogeneous 
tournaments. Of course they will be vertex-symmetric. We first prove some 
results. 
Proposition 3.1. Let n be a prime power such that there exists a vertex-symmetric 
tournament of order n with exactly two arc orbits, then there does not exist a 
vertex-symmetric tournament or order n with only one arc orbit (that is k, = 2). 
Proof. If the minimum number of arc orbits is one, we must have n =p”’ = 
4A + 3, A E N, that is to say v(p - 1) = 1 and m is odd. In this case, we can 
deduce from [l] that there do not exist tournaments with two arc orbits. 0 
From the results of Astie-Vidal, we deduce which tournaments have two arc 
orbits. 
Theorem 3.1. The vertex-symmetric tournaments with exactly two arc orbits are 
the following: 
(1) The cyclotomic tournaments of order pm where p is a prime number such 
that p = 5 (mod 8) and m is odd. There is exactly one such tournament for each 
order. 
(2) The wreath products of two quadratic residue tournaments. 
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4 
Fig. l(a). A= 1, 2 arc orbits. 
2 
7 
Fig. l(b). A = 2, 4 arc orbits. 
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Fig. l(c). A = 3, 2 arc orbits. 
Proof. (i) If T, = (X, U) is such that IZ =pm with p odd prime and m odd, then 
according to Theorem 1.1 we have k,, = 2v(P-1)-1 = 2 which implies v(p - 1) = 2, 
so 2 is the greatest power of two dividing p - 1. Hence, p = 4A + 1 and A is odd, 
that is to say, p = 8~ + 5. 
X is identified with GF(p”), and we construct a multiplicative subgroup of 
GF*(p”), 
H = {a4; a E GF*(p”)}. 
We can find two elements x1 and x2 of GF*(p”) such that 
GF*(p”) =x1 . H u (-xl) . H U x2 . H U (-x2) - H. 
T, = (X, U) is defined as follows: X = GF(p”), and 
(x,y)eU iff y-x~S:=(c.x~.H)U(s’.x~.H) where c=fl and .s’=fl. 
The number of non-isomorphic such tournaments is 
N(p”) = 22*-')-'--v(P-l) = 1. 
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Then S may be restricted to x1 * H U x2 . H, and T,, is a rotational tournament 
with symbol S. Such tournaments are cyclotomic. 
(ii) If it =pm with p odd prime and m even, then we use Theorem 1.2. 
k n =2v(p-1)=2 + p=3(mod4) + p”=l(mod4). 
The tournaments with two arc orbits are the wreath products of a cyclotomic 
tournament of order p2’+l with a cyclotomic tournament of order P~--%~-‘; 
i=O, 1,2,. . . , m/2- 1. Since 2-i+ 1 and m-2-i - 1 are odd, we can con- 
struct these tournaments using Theorem 1.1, then the two tournaments have one 
arc orbit, so they are quadratic residues. The number of non-isomorphic such 
tournaments is N(p”) = m/2. 
(iii) If II = QE1p,“,, where pi are distinct odd primes, j = 1, 2, . . . , s, then we 
apply Theorem 1.3. 
k, = i 270,-1)+&,-l with cj = 
0 if mj is odd, 
j=l 1 if t?Zj is even. 
There are two possibilities, 
(a) k,, = 2l js = 13 IZ = pm. This leads to earlier cases. 
(b) k,=2’+2’+s=2. Wehavev(p,-1)+&i-l=Oandv(p,-1)+c2-1 
= 0. If mi is even, then ci = 1 and v(p - 1) = 0 so p - 1 is not divisible by 2, 
which is impossible. SO mi for i = 1, 2, is odd and Ei = 0, which implies that 
v(p-l)=landsop=3(mod4). 
Then the tournaments with two arc orbits are the wreath products T = q 0 &, 
where 2; (j = 1, 2) are quadratic residue tournaments. 0 
Let us now give an example of the construction of a cyclotomic tournament 
with two arc orbits. 
Example. Let us construct the tournament of order 13 with two arc orbits. We 
have 13=8x1+5=4x3+1, 
GF*(13) = (0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}, 
H = {a” (mod 13), a E GF*(13)} = (1, 3, 9}, 
GF*(13)=HU2~HU4~HU7+=HU2~HU(-l+Z)U(-2~H), 
S = H U 2. H = (1, 2, 3,5,6, 9}. 
Then T13 = (X, U), where X = GF(13) and (x, y) E Ua (y -x) (mod 13) E S. 
This tournament is the one found by Tabib for A = 3. 
Proposition 3.2. The number of arc orbits of a vertex-symmetric near- 
homogeneous tournament is at least 2, and if it is exactly two, then the two arc 
orbits have the same cardinal@. 
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Proof. An arc contained in A 3-cycles cannot be in the same arc orbit as one 
contained in A + 1 3-cycles. Now, if there are two arc orbits, they must be the set 
of arcs contained in A. 3-cycles, say U,, and the set of arcs contained in A. + 1 
3-cycles, say U,. Tabib’s Theorem 2 of [6] says that if T is near-homogeneous of 
order 4A + 1, then card(V,(x)) = card(V,+,(x)) for any vertex x, where V,(x) = 
{y E O(x) 1 (x, y) belongs to i 3-cycles}. So we deduce that card(U,) = 
card( U,). 0 
Proposition 3.3. If T, is a cyclotomic tournament of order n =pm = 8p + 5 (m 
odd, p an odd prime) with two arc orbits, then the subtournament O(x) of the 
successors of any vertex x of T, has exactly two classes of scores and they have the 
same cardinality. 
Proof. The number of arc orbits of a vertex-symmetric tournament is the number 
of orbits on O(x) of the stabilizer G, = {g E a(T) 1 g(x) = x}, for any x E X. Here 
we have two vertex orbits, so there must be at most two different scores in the 
subtournaments O(x). 
Since card(O(x)) is even, there cannot be only one score in O(x), so there are 
at least two scores in O(x). Then there are exactly two scores in O(x) 
corresponding to two classes of vertices, 
vz E c,, s(z, O(x)) = s1 and Vz E C2, s(z, O(x)) =s2. 
The construction shown in Theorem 3.1 gives that C, = {x +x1 . H} and 
C2 = {x + xZ. H} are the two vertex orbits of G, on O(x), and we have obviously 
card( C,) = card( C,). 0 
Remark. We have the same result with the set I(x) for any x E X. 
Proposition 3.4. If T,, is a vertex-symmetric near-homogeneous tournament of 
order n with two arc orbits, then T, is a cyclotomic tournament of order n = pm, 
where m is odd and p is an odd prime such that p = 5 (mod 8). 
Proof. We saw that a vertex-symmetric n.h. tournament has two arc orbits of the 
same cardinality. So we prove, using Theorem 3.1, that wreath products of 
quadratic residues cannot satisfy this condition. Let T = TI 0 T2 be vertex- 
symmetric with two arc orbits, and n, and n2 be the number of vertices of TI and 
T,, one of the arc orbits is composed of the arcs of all instances of T,, and the 
other is composed of the arcs deduced from T2 and connecting the instances of T, . 
We deduce that the two vertex orbits of G, on O(x) (for any x E X) are the set C1 
of the successors of x in the instance of T, containing x, and the set C2 of the 
successors of x in the other instances of T,. So we have card(C,) = (n, - 1)/2 and 
card(&) = n, . (n2 - 1)/2, on the other hand card(C,) = card(&), which implies 
nr*(2-n,)=l, hencen,=n,=l. 0 
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We are looking for near-homogeneous vertex-symmetric tournaments with 
k, = 2. Since they have two arc orbits, there are two classes of arcs: those that are 
contained in say Y 3-cycles, and those that are contained in Y + 1 3-cycles. This 
leads to our main result. 
Theorem 3.2. A cyclotomic tournament T, = (X, U) of order n = 8p + 5 with 
exactly two arc orbits is n.h. iff for a vertex x of X, and a vertex y of O(x) [resp. 
Z(x)] we have s(y, O(x)) = 2p + 1 or 2~. 
Proof. Since a cyclotomic tournament is vertex-symmetric, for every vertex x the 
subtournament O(x) has the same structure. In O(x) there are only two possible 
scores by Proposition 3.3, and the two classes of vertices in O(x) have the same 
cardinality: we have 2p + 1 vertices of score s1 and 2p + 1 vertices of score s2, so 
since the order of O(x) is 4~ + 2, we have 
(2p + 1) * s, + (2p + 1) - s.2 = 4(4p + 2) . (4p + 1) 
which implies s1 + s2 = 4~ + 1 = card(O(x)) - 1. So if s1 [resp. s2] is equal to 
2~ + 1, s2 [resp. sJ is equal to 2~. Then O(x) is near-regular and the tournament 
is n.h. It suffices to verify the condition for a unique x of X and a unique y of 
O(x). 0 
This result allows us to construct an algorithm to search for n.h. tournaments. 
We limit ourselves to prime orders. 
Remark. If p is prime, the field GF(p) = (0, 1, 2, . . . , p - l}. 
Algorithm 
input: p = 8~ + 5 prime 
output: true if the cyclotomic tournament of order p is n.h. 
false else 
begin 
for all i + 1 to p - 1 do 
H+{i4(modp)}; 
endfor; 
choose x1 in (1, . . . , p - l}; 
choose x2 in (1, 2, . . . , p - l} such that x2 #x1 and x2 # (-x1) (modp); 
S+xi’HU+.H; 
x tfirstElement(S); 
SucSet+{yESI(y-x)(modp)ES}; 
SucScore tlength(SucSet); 
If ((SucScore = 2y + 1) or (Sucscore = 2~)) 
then true 
else false 
endif; 
end; 
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Using this algorithm we have conducted an exhaustive research of near- 
homogeneous vertex-symmetric tournaments of prime order less than 1000 with 
two arc orbits. We used a computer program implementing the procedure. We 
have found six new n.h. tournaments, for orders p = 29, 53, 173, 229, 293 and 
733. 
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